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In 1980’s, B. Gross made a conjecture on the derivative of abelian p-adic L-series at s = 0 in [Gr]
which can be thought of as a reﬁnement of the Brumer–Stark conjecture. Fix a rational prime p. Let
K be a totally real ﬁeld and let H be a CM abelian extension of K . Let S be a ﬁnite set of places of K
which contains all divisors of the inﬁnite place of Q and p, as well as all places which ramify in H .
Gross assumed that S contains a ﬁnite place p above p which splits completely in H and considered
the partial zeta function ζS (σ , s) and the p-adic partial zeta function ζp,S(σ , s) for σ ∈ Gal(H/K ).
Let P be a prime of H dividing p and for any CM extension L of K , let Up,L = { ∈ L∗: ‖‖ν = 1
if ν is a place of L (ﬁnite or inﬁnite) which does not divide p} be the group of global p-units in L. Let
wH denote the order of the group of roots of unity in H . Then Gross’s conjecture (the Gross–Stark
conjecture) states that there exists a unique element u = u(P) ∈ Q ⊗Z Up,H (called the Gross–Stark
unit) such that for all σ ∈ Gal(H/K ),
(a) ζ ′S (σ ,0) = − log(N(P)−ordP(u
σ )),
(b) ζ ′p,S (σ ,0) = − logp(NHP/Qp (uσ )).
Here N denotes the norm function and logp is the Iwasawa p-adic logarithm. Note that condition (a)
is equivalent to ordP(uσ ) = ζS\p(σ ,0), since ζS (σ , s) = (1−N(P)−s)ζS\p(σ , s).
In [Gr] Gross gave a proof of his conjecture when K = Q and H is a complex abelian extension
of Q. We review his result in Theorem 3.1 when H is imaginary quadratic. In this paper, we study
a special case of this conjecture, namely the case over genus ﬁelds of a real quadratic ﬁeld K with
discriminant D . More precisely, let H be the narrow Hilbert class ﬁeld of K and Uχp,H be the χ -
component of Up,H where χ : Gal(H/K ) → {1,−1} is a nontrivial genus character. We need to assume
that p is inert in K (which implies that p splits completely in H) and χ is totally odd, to insure the
conditions of the Gross–Stark conjecture. Let χD1 and χD2 be two imaginary quadratic characters
associated to Q(
√
D1) and Q(
√
D2) with χD1(p) = 1, χD2 (p) = −1 and D = D1 · D2 (we explain the
terminologies regarding genus characters in the ﬁrst section). Note that χD1χD2 = K where K is the
quadratic character of K . Let S be a ﬁnite set of places of K consisting of all divisors of ∞ and p,
as well as all places which ramify in H . Then we prove (Theorem 3.2) that there is a unique element
uχ ∈ Q ⊗Z Up,Q(√D1) ⊂ Q ⊗Z U
χ
p,H such that
(a) L′S(K ,χ,0) = − 8h1h2w1w2 · log p,
(b) L′p,S(K ,χ,0) = − 4h2w2 · logp(uχ ),
where hi is the class number of Q(
√
Di) and wi is the number of roots of unity in Q(
√
Di) for
i = 1,2. Note that we extended the Iwasawa p-adic logarithm logp to Q ⊗Z Uχp,H by Q-linearity.
We investigate certain factorizations of the p-adic L-functions of K twisted by all possible genus
characters (in Section 2) and prove the p-adic Gross–Stark type conjectures over genus ﬁelds of K
(Theorems 3.3 and 3.4 in Section 3).
In Section 4, we study elliptic units for a real quadratic ﬁeld K over its genus ﬁelds using the same
circle of ideas. H. Darmon and S. Dasgupta gave a reﬁnement of the Gross–Stark conjecture in [DD]
by proposing a conjectural p-adic analytic formula for the Gross–Stark unit itself (they called it an
elliptic unit for K ). A priori, their elliptic unit for K is by construction an element in Kp where Kp is
the p-adic completion of K . But they conjectured that it is a global p-unit (rationality Conjecture 2.14
in [DD]). We will show some evidence of the rationality by studying the p-adic L-functions of K
twisted by genus characters (Theorem 4.4).
Finally in Section 5, we pursue the connection of these arithmetic units to the Shimura correspon-
dence. We observe that p-adic L-functions of K twisted by a genus character are closely related to
the Fourier coeﬃcients of a p-adic family of Eisenstein series of half-integral weight which is in the
Kohnen–Shimura correspondence with a p-adic family of Eisenstein series of integral weight (Theo-
rem 5.2).
2612 J. Park / Journal of Number Theory 130 (2010) 2610–2627The works here are inspired by two papers: Sections 2, 3 and 4 (respectively, Section 5) can be
viewed as the Eisenstein series analog or the arithmetic unit version of [BD] (respectively, [DT]). While
they deal with p-adic L-functions of cuspidal eigenforms and Stark–Heegner points in [BD] and [DT],
we study p-adic L-functions of real quadratic ﬁelds (which are closely related to p-adic L-functions
of Eisenstein series) and Gross–Stark units (or elliptic units for real quadratic ﬁelds) here.
The author would like to thank Henri Darmon for helpful discussions and help on the subject.
He has been supported by CRM and ISM (at Montreal) as a CRM-ISM postdoctoral fellow during the
preparation of the manuscript and expresses his gratitude to CRM and ISM.
2. p-adic L-functions twisted by a genus character
2.1. L-functions twisted by a genus character
Let K be a real quadratic ﬁeld with discriminant D > 0. We consider the group
Pic+(OK ) = the group of non-zero projective OK -submodules of K modulo homothety by K×+ ,
where K×+ is the group of non-zero elements of K whose norms are positive. Let H+K be the narrow
Hilbert class ﬁeld of K . Class ﬁeld theory identiﬁes Gal(H+K /K ) with Pic
+(OK ). Deﬁne χd to be the
quadratic Dirichlet character associated to the quadratic ﬁeld Q(
√
d) with discriminant d. A genus
character of K is a quadratic unramiﬁed character of Gal(K/K ). See p. 61 of [Sie1] for an explicit
description of a genus character. Genus characters are in bijection with factorizations of D into a
product of two relatively prime fundamental discriminants, or equivalently, with the unordered pairs
of primitive quadratic Dirichlet characters (χD1 ,χD2) of coprime conductors satisfying χD1χD2 = χD
(the trivial character χ corresponds to the factorization D = 1 · D). Such a genus character χ cuts out
a biquadratic (or quadratic, in the case where χ is the trivial character) extension of Q, denoted Hχ :
Hχ = Q(
√
D1,
√
D2), where D = D1D2. (2.1)
We can summarize the situation by the following diagram:
H+K
Hχ = Q(√D1,√D2)
Q(
√
D1) K Q(
√
D2)
Q
So we may view the genus character as χ : Pic+(OK )  Gal(H+K /K ) → Gal(Hχ/K ) given by the natural
quotient. We assume the above notations throughout the article.
The partial zeta function attached to a narrow ideal class A ∈ Pic+(OK ) is deﬁned by
ζ(A, s) :=
∑
Norm(I)−s, (2.2)
I∈A
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equivalence classes of binary quadratic forms of discriminant D are in natural bijection with narrow
ideal classes in Pic+(OK ), by associating to such an ideal the suitably scaled norm form attached to a
representative ideal. We deﬁne the L-function of K twisted by a genus character χ by
L(K ,χ, s) :=
∑
I
χ(I) ·Norm(I)−s, (2.3)
where the summation is over all integral ideals I of K . Clearly we have that
∑
A∈Pic+(OK )
χ(A)ζ(A, s) = L(K ,χ, s). (2.4)
2.2. p-adic L-functions twisted by a genus character
In this section, we discuss the existence of a p-adic partial zeta function which interpolates the
special values of ζ(A, s). Fix a rational odd prime p which is prime to D .
CASE I: p is inert in K .
The general theorem of Deligne and Ribet in [DR] implies the following lemma.
Lemma 2.1. Assume p is inert in K . Fix u ∈ Z/(p − 1)Z. Then there exists a p-adic meromorphic function
ζp,u(A, s) for s ∈ Zp (regular outside s = 1) such that, for all positive integers r > 0 which are congruent to u
modulo p − 1,
ζp,u(A,1− r) =
(
1− p2r−2) · ζ(A,1− r). (2.5)
We deﬁne the p-adic L-function of K twisted by a genus character χ as follows:
Lp,u(K ,χ, s) :=
∑
A∈Pic+(OK )
χ(A)ζp,u(A, s) (2.6)
for each u = 0,1, . . . , p − 2 and s ∈ Zp .
CASE II: p splits in K .
In this case, p · OK = p · p′ where p and p′ are primes of K . Denote by σλ the Frobenius el-
ement in Gal(H+K /K ) attached to a prime ideal λ of K . Note that there is the Artin isomorphism
rec : Gal(H+K /K ) → Pic+(OK ). The general theorem of Deligne and Ribet [DR] also implies the exis-
tence of a p-adic meromorphic function ζp,u(rec(σ ), s) = ζp,u(σ , s) for σ ∈ Gal(H+K /K ) on s ∈ Zp such
that
∑
σ∈Gal(H+K /K )
ζp,u(σ ,1− r)[σ ]
=
∑
σ∈Gal(H+K /K )
(
1− [σp]N(p)r−1
) · (1− [σp′ ]N(p′)r−1) · ζ(σ ,1− r)[σ ]
=
∑
σ∈Gal(H+/K )
(
1− [σp]pr−1
) · (1− [σp′ ]pr−1) · ζ(σ ,1− r)[σ ]
K
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(3.2) of [Gr] for the deﬁnition of ζ(σ , s). We can deﬁne the p-adic L-function of K twisted by a
genus character χ exactly same as (2.6).
2.3. A factorization of the p-adic L-function
We recall a classical result of Kronecker which asserts a factorization of L(K ,χ, s), the L-function
of K twisted by a genus character χ . Kronecker proved (Theorem 4 of [Sie1]) that
L(K ,χ, s) = L(χD1 , s) · L(χD2 , s) for s ∈ C. (2.7)
Look at p. 30 of [Was] for the deﬁnition of L(χDi , s). We apply this to prove a factorization formula
for Lp,u(K ,χ, s) which was deﬁned in (2.6).
Theorem 2.2. Let ω be the Teichmüller character. For each u ∈ Z/(p − 1)Z, we have that
Lp,u(K ,χ, s) = Lp
(
χD1 · ωu, s
) · Lp(χD2 · ωu, s) for s ∈ Zp, (2.8)
where Lp(χD1 · ωu, s) and Lp(χD2 · ωu, s) are the Dirichlet p-adic L-functions.
Proof. Since the set of all integers r  1 satisfying r ≡ u (mod p − 1) is a dense subset of Zp , it
is enough to prove the equality (2.8) for such r’s. There are two ingredients in the proof. The ﬁrst
ingredient is the interpolation property of the Dirichlet p-adic L-function:
Lp
(
χDi · ωu,1− r
)= (1− χDi (p)pr−1) · L(χDi ,1− r) (2.9)
for every integer r  1, r ≡ u (mod p − 1) and i = 1,2 (see Theorem 5.11 in [Was] for more details).
The second ingredient is the factorization formula (2.7). In the case where p is inert in K , we have
that for every integer r  1, r ≡ u (mod p − 1),
Lp,u(K ,χ,1− r) =
(
1− p2(r−1)) · L(K ,χ,1− r)
= (1− p2(r−1)) · L(χD1 ,1− r) · L(χD2 ,1− r)
= (1− χD1(p)pr−1) · L(χD1 ,1− r) · (1− χD2(p)pr−1) · L(χD2 ,1− r)
= Lp
(
χD1 · ωu,1− r
) · Lp(χD2 · ωu,1− r).
The second equality follows from (2.7) and the fourth equality follows from the interpolation property
(2.9). In the third equality, we used that χD1(p) and χD2 (p) have opposite signs, which follows from
the condition that p is inert in K .
In the case where p is split in K , pOK = p · p′ , we have that
χ(σp) = χ(σp′) = χD1(p) = χD2(p). (2.10)
For every integer r  1, r ≡ u (mod p − 1),
Lp,u(K ,χ,1− r) =
(
1− χ(σp)pr−1
) · (1− χ(σp′)pr−1) · L(K ,χ,1− r)
= (1− χD1(p)pr−1) · (1− χD2(p)pr−1) · L(χD1 ,1− r) · L(χD2 ,1− r)
= Lp
(
χD1 · ωu,1− r
) · Lp(χD2 · ωu,1− r).
The second equality follows from (2.7) and (2.10). This completes the proof. 
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3.1. The Gross–Stark conjecture for F/Q where F is imaginary quadratic
In [Gr], Gross gave a proof of the Gross–Stark conjecture for F/Q where F is imaginary quadratic.
We review it in this section. He constructed a global p-unit in F out of certain Gauss sums and
connected it with the derivative of the p-adic L-series at 0. There are two important ingredients in
his proof: the relation between these Gauss sums and the p-adic Γ -values [GK] and the relationship
between the p-adic Γ -values and the derivatives of the p-adic L-series at 0 [FG].
Fix a rational prime p. Let F be an imaginary quadratic ﬁeld Q(
√−d) with discriminant dF =
−d < 0 in which p splits. Let Up,F denote the group of the global p-units of F :
Up,F :=
{
 ∈ F×: ‖‖ν = 1 for all places ν (ﬁnite or inﬁnite) which do not divide p
}
.
Choose a prime P of F above p. Let μd be the group of d-th roots of unity in C. By the Kronecker–
Weber theorem, F is contained in the subﬁeld H of Q(μd) which is ﬁxed by the decomposition
group of Gal(Q(μd)/Q) at p. One can assume that F = H in the proof of the Gross–Stark conjecture
[Gr, Conjecture 3.13], as remarked by Gross (see the remarks following Conjecture 3.13 or Section 4
in [Gr]). Let rec : (Z/dZ)×  Gal(Q(μd)/Q) be the Artin reciprocity map given by b → (σb : ζd → ζ bd ).
We use the notation σb = rec(b). Then the order of σp in Gal(Q(μd)/Q) is φ(d)/2 where φ is the
Euler φ-function and we get
Gal(F/Q) ∼= (Z/dZ)×/〈p〉.
Let 0 < 〈a/d〉 1 denote the unique rational number which is congruent to a/d mod Z. Let Od be the
ring of integers of Q(μd) and let χ : (Od/POd)× → μd be the d-th power residue symbol, i.e. χ is the
character of order d such that χ(x) mod POd equals x
q−1
d for all x ∈ (Od/POd)× , where q = pφ(d)/2
is the number of elements of the residue ﬁeld Od/POd . Let ψ : Z/pZ → μp be a nontrivial additive
character and deﬁne the Gauss sum:
g := −
∑
x∈(Od/POd)×
χ−1(x)ψ(Tr x), (3.1)
where Tr is the trace map from Od/POd to Z/pZ. Galois theory tells us that g is an algebraic integer
in F (μp). Let h =
√
(−1p ) · p. In [Gr], Gross deﬁned
δ := 1⊗ g
hφ(d)/2
(3.2)
and showed that it belongs to Q ⊗Z Up,F . Write Gal(F/Q) = {1, ι} and deﬁne
udF := δ/δι ∈ Q ⊗Z Up,F , (3.3)
which is called the p-adic Gross–Stark unit for F/Q. The following theorem is basically Conjecture 3.13
(the Gross–Stark conjecture for F/Q) of [Gr] which was proven in Chapter 4 of [Gr].
Theorem 3.1.We keep the same notation as above. Then udF ∈ Q ⊗Z Up,F and
−L′p(χdF · ω,0) = χdF (1) · logp(δ) + χdF (ι) · logp
(
δι
)= logp(udF ),
where χdF is the quadratic character associated to F .
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Recall that K is a real quadratic ﬁeld with discriminant D > 0.
Case I: p is inert in K .
There are two cases to be considered:
(a) D1 < 0 and D2 < 0 with D = D1 · D2,
(b) D1 > 0 and D2 > 0 with D = D1 · D2.
In case (a), the corresponding genus character χ is odd in the sense that χ sends complex conjugation
c ∈ Gal(K/K ) to −1 and we can assume χD1 (p) = 1 and χD2(p) = −1 (since p is inert in K ). Let S
be a ﬁnite set of places of K consisting of all divisors of ∞ and p, as well as all places which ramify
in H+K . Deﬁne a partial abelian L-series twisted by χ
LS(K ,χ, s) :=
(
1− χ(σP) ·N(P)−s
) · L(K ,χ, s) = (1− p−2s) · L(K ,χ, s).
The p-adic L-series Lp,S(K ,χ, s) deﬁned in [Gr], (2.4) coincides with Lp,1(K ,χ, s) which was deﬁned
in (2.6).
Theorem 3.2. Let χ be an odd genus character χ : Pic+(OK ) → C attached to the pair of Dirichlet characters
χD1 and χD2 satisfying the condition (a) above. Then Lp,1(K ,χ,0) = 0 and there exists a unique element
uD1 = uχ ∈ Q ⊗Z Up,Q(√D1) ⊂ Q ⊗Z Q(
√
D1)P1 = Q ⊗Z Qp (where P1 is an arbitrary choice of one of the
two primes above p) such that
(a) L′S (K ,χ,0) = − 8h1h2w1w2 · log p,
(b) L′p,1(K ,χ,0) =
∑
A∈Pic+(OK ) χ(A) · ζ ′p,1(A,0) = − 4h2w2 · logp(uχ ),
where hi is the class number of Q(
√
Di) and wi is the number of roots of unity in Q(
√
Di) for i = 1,2.
Proof. The identity (2.5) and the deﬁnition of Lp,1(K ,χ, s) (see (2.6)) imply that Lp,1(K ,χ,0) = 0.
The factorization formula (2.7) implies that
L′S(K ,χ, s)|s=0 =
(
log p−2
) · L(χD1 ,0) · L(χD2 ,0). (3.4)
We apply the class number formula L(χDi ,0) = 2hiwi for i = 1,2 to (3.4) which proves (a). For part (b),
ﬁrst recall the deﬁnition
Lp,1(K ,χ, s) =
∑
A∈Pic+(OK )
χ(A) · ζp,1(A, s).
Combining the above equality with Theorem 2.2, we obtain
∑
A∈Pic+(O )
χ(A) · ζp,1(A, s) = Lp(χD1 · ω, s) · Lp(χD2 · ω, s).
K
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∑
A∈Pic+(OK )
χ(A) · ζ ′p,1(A,0) = L′p(χD1 · ω,0) · Lp(χD2 · ω,0)
+ Lp(χD1 · ω,0) · L′p(χD2 · ω,0). (3.5)
Using Theorem 3.1 we ﬁnd that
∑
A∈Pic+(OK )
χ(A) · ζ ′p,1(A,0) = −
4h2
w2
· logp(uD1),
where uD1 is the Gross–Stark unit for Q(
√
D1)/Q given in Theorem 3.1. We also used that Lp(χD2 ·
ω,0) = 2 · 2h2w2 and Lp(χD1 · ω,0) = 0 in the above equality. 
In case (b), the corresponding genus character χ is even in the sense that χ sends complex con-
jugation c ∈ Gal(K/K ) to 1 and we can also assume χD1(p) = 1 and χD2 (p) = −1 (since p is inert
in K ). Note that Lp,1(K ,χ, s) (the p-adic L-function considered in [Gr]) is identically 0 in this case
and so we instead consider Lp,0(K ,χ, s) to get a meaningful result. The next theorem, which is a re-
formulation of known results, is a variant of the Gross–Stark conjecture for H+K /K twisted by a genus
character χ of K .
Theorem 3.3. Let χ be an even nontrivial genus character χ : Pic+(OK ) → C attached to the pair of Dirichlet
characters χD1 and χD2 satisfying condition (b) above. Let fi be the conductor of χDi , let ζ f i be a primitive
fi -th root of unity, and let τ (χ) =∑ f ia=1 χDi (a)ζ afi for i = 1,2. Then we have
Lp,0(K ,χ,1)
= Lp(χD1 ,1) · Lp(χD2 ,1)
= −
(
1− 1
p2
)
·
(
τ (χD1)
f1
f1∑
a=1
χ−1(a) logp
(
1− ζ af1
)) ·
(
τ (χD2)
f2
f2∑
a=1
χ−1(a) logp
(
1− ζ af2
))
=
(
1− 1
p2
)
· 4h1h2 log(1) log(2)√
D
= 0,
where hi is the class number of Q(
√
Di) and i is the totally positive fundamental unit satisfying i > 1 in
Q(
√
Di) for i = 1,2.
Proof. Theorem 2.2 implies that Lp,0(K ,χ,1) = Lp(χD1 ,1) · Lp(χD2 ,1). We combine Theorem 5.18 in
[Was] and Proposition 13 in [Sie1] to ﬁnish the proof. 
Case II: p splits in K .
There are also two cases to be considered:
(a) D1 < 0 and D2 < 0 with D = D1 · D2,
(b) D1 > 0 and D2 > 0 with D = D1 · D2.
In both cases (a) and (b), we have two subcases. The ﬁrst subcase is χD1 (p) = χD2 (p) = 1 and the
second one is χD1(p) = χD2 (p) = −1.
2618 J. Park / Journal of Number Theory 130 (2010) 2610–2627Theorem 3.4. Assume (a), i.e. the genus character χ is odd. If χD1(p) = χD2 (p) = 1, then Lp,1(K ,χ, s) has
a zero of at least order 2 at s = 0 and there is a unique element uDi ∈ Q ⊗Z UQ(√Di),p ⊂ Q ⊗Z Q(
√
Di)Pi =
Q ⊗Z Qp (where Pi is an arbitrary choice of one of the two primes above p) for i = 1,2 such that
d2
ds2
Lp,1(K ,χ, s)|s=0 =
∑
A∈Pic+(OK )
χ(A) · d
2
ds2
ζp(A, s)|s=0 = logp(uD1) · logp(uD2). (3.6)
If χD1(p) = χD2 (p) = −1, then
Lp,1(K ,χ,0) =
∑
A∈Pic+(OK )
χ(A) · ζp(A,0) = 16h1h2
w1w2
= 0 (3.7)
where hi is the class number of Q(
√
Di) and wi is the number of roots of unity in Q(
√
Di) for i = 1,2.
Proof. If χD1 (p) = χD2(p) = 1, then Theorem 2.2 implies that
d2
ds2
Lp,1(K ,χ, s)|s=0 = L′p(χD1ω,0) · L′p(χD2ω,0). (3.8)
The equality (3.6) easily follows from (3.8) and Theorem 3.1. If χD1(p) = χD2 (p) = −1, then (3.7)
follows from the Dirichlet class number formula
Lp(χDi · ω,0) = 2 ·
2hi
wi
for i = 1,2. 
We now investigate case (b). If χD1(p) = χD2 (p) = 1, then replacing the Euler factor (1 − 1p2 ) by
(1− 1p )2 in Theorem 3.3 gives what we want. If χD1(p) = χD2(p) = −1, then we can get the formula
by replacing the Euler factor (1− 1
p2
) by (1+ 1p )2 in Theorem 3.3.
4. The Darmon–Dasgupta units over genus ﬁelds
In [DD], H. Darmon and S. Dasgupta gave a reﬁnement of the Gross–Stark conjecture via a p-adic
analytic method. They constructed elliptic units for K (which we call Darmon–Dasgupta units here)
which are conjecturally global p-units in narrow ring class ﬁelds of K . Darmon–Dasgupta units by
construction lie in Kp where Kp is the p-adic completion of K (assuming that p is inert in K ).
Using the idea of a factorization of the p-adic L-function of K twisted by a genus character as in the
previous sections, we provide evidence for their rationality (Theorem 4.4).
4.1. Elliptic units for real quadratic ﬁelds
We brieﬂy review the construction of elliptic units for real quadratic ﬁelds and the rationality
conjecture in [DD]. Fix a rational prime p. Let K be a real quadratic ﬁeld of discriminant D in which
p is inert. Let N be a positive integer prime to pD . Let DN be the free Z-module generated by the
formal Z-linear combinations of the positive divisors of N , and let D0N be the submodule of linear
combinations of degree 0. We ﬁx some
α =
∑
d|N,d>0
nd[d] ∈ D0N such that
∑
d|N,d>0
nd =
∑
d|N,d>0
nd · d = 0, (4.1)
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Hp = P1(Cp) \ P1(Qp)
denote the p-adic upper half-plane. It is equipped with a left action of Γ0(N) (by the linear fractional
transformation) and of the larger {p}-arithmetic subgroup
Γ :=
{(
a b
c d
)
∈ SL2
(
Z[1/p]) such that N | c}.
Let M2(Z[1/p]) denote the ring of 2 × 2 matrices with entries in Zp[1/p], and let R ⊂ M2(Z[1/p])
be the subring of matrices which are upper-triangular modulo N . The Z[1/p]-order associated to
τ ∈ Hp ∩ K is deﬁned to be
Oτ :=
{(
a b
c d
)
∈ R such that aτ + b = cτ 2 + dτ
}
⊂ K
where the inclusion on the right sends
( a b
c d
)
to the element cτ +d. Via this inclusion, Oτ is identiﬁed
with a Z[1/p]-order of K . Let OD denote the Z[1/p]-order of K of discriminant D . Set
HDp := {τ ∈ Hp ∩ K such that Oτ = OD}.
The group Γ acts on HDp by the linear fractional transformation. Because p is inert in K , HDp is
non-empty. Let τ ∈ HDp . The primitive integral indeﬁnite binary quadratic form Q τ of discriminant D
associated to τ is given in Section 3.1 of [DD]. Deﬁne (see (55) and (57) of [DD])
ζ(τ , s) := ζQ τ (s) and ζ(α, τ , s) :=
∑
d|N,d>0
nd · ds · ζ(dτ , s). (4.2)
Then one can check that ζ(τ , s) = ζ(A, s) − ζ(A∗, s) (see (56) of [DD]) where A ∈ Pic+(OD) is associ-
ated to Q τ and A∗ is the narrow ideal class corresponding to αA with α ∈ K× of negative norm.
Let E2(z) = − 124 +
∑∞
n=1 σ1(n)qn with q = e2π iz , where σ1(n) is the sum of the positive divisors
of n, and let E2r(z), r  2 be a weight 2r Eisenstein series with constant term − B2r4r . Here B2r is the
2r-th Bernoulli number. Deﬁne
F2r(z) = −24 ·
∑
d|N,d>0
nd · d · E2r(dz) (4.3)
for all integers r  1. Note that F2r(z) is a weight 2r Eisenstein series on Γ0(N) for r  1. The main
theorem of [DD] (and [Das] for the Z-valuedness) asserts the existence of a family of Z-valued p-adic
measures on the space Q2p \ {(0,0)}, indexed by pairs (r, s) ∈ Γ · ∞ × Γ · ∞ and denoted μ{r → s},
such that
∫
(Z2p)
′
Q τ (z,1)
r−1 dμ {∞ → γτ · ∞}(x, y) =
(
1− p2r−2) ·
γτ ·∞∫
∞
Q τ (z,1)
r−1F2r(z)dz (4.4)
2620 J. Park / Journal of Number Theory 130 (2010) 2610–2627for every integer r  1, where (Z2p)′ = Z2p \ (pZp)2. For the deﬁnition of the matrix γτ ∈ Γ , we re-
fer to [DD, p. 313]. Using the theory of the p-adic multiplicative integrals of these Z-valued p-adic
measures, Darmon–Dasgupta [DD] constructed an elliptic unit for K associated to α and τ
u(α, τ ) ∈ K×p ; (4.5)
the element u(α, τ ) was only deﬁned modulo μp2−1 = (K×p )tor in [DD] but Dasgupta gave a formula
for u(α, τ ) as an element of K×p in [Das]. One may show that u(α, τ ) depends only on the Γ -orbit
of τ (see [DD, p. 313]).
Let 〈x〉 = x/ω(x) for x ∈ Z×p where ω is the Teichmüller character on Z×p . Deﬁne
ζp(α, τ , s) = 1
6
·
∫
(Z2p)
′
〈
Q τ (x, y)
〉−s
dμ {∞ → γτ · ∞}(x, y) (4.6)
for s ∈ Zp . Then ζp(α, τ , s) satisﬁes
ζp(α, τ ,1− r) =
(
1− p2r−2) · ζ(α, τ ,1− r) (4.7)
for all odd integers r > 0 congruent to 1 modulo p−1, and we have a p-adic Kronecker limit formula
[DD, Theorem 4.1]
ζ ′p(α, τ ,0) = −
1
6
· logp
(
NormKp/Qp
(
u(α, τ )
))
. (4.8)
Furthermore, they conjectured that u(α, τ ) ∈ K×p is a global p-unit (the rationality Conjecture 2.14
in [DD]). Class ﬁeld theory provides an isomorphism
rec : Pic+(OD) → Gal(HD/K )
where HD is the narrow ring class ﬁeld attached to OD .
Conjecture 4.1 (Darmon–Dasgupta). If τ belongs to HDp , then u(α, τ ) belongs to OHD [1/p]× where OHD is
the ring of integers of HD .
4.2. An evidence for the rationality over genus ﬁelds
We can regard a genus character as a character deﬁned on Pic+(OD), since HD is a ﬁeld extension
of Hχ = Q(√D1,√D2) (see (2.1)). Let χ : Pic+(OD) → {1,−1} be a nontrivial odd genus character
of K , i.e. D = D1 · D2 with D1 < 0 and D2 < 0. There is an action of Pic+(OD) on HDp /Γ denoted by
A ∗ τ for A ∈ Pic+(OD), τ ∈ HDp /Γ (see [DD, (36)]).
Lemma 4.2. Let τ0 ∈ HDp /Γ such that ζ(A ∗ τ0, s) = ζ(A, s) − ζ(A∗, s). Then we have
∑
A∈Pic+(O )
χ(A) · ζ(A ∗ τ0, s) = 2 · L(K ,χ, s). (4.9)
D
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Deﬁne d := χ(AA−1d ). Then d is independent of A and
∑
A∈Pic+(OD )
χ(A) · ζ (d(A ∗ τ0), s)= 2d · L(K ,χ, s). (4.10)
Proof. The equality (4.9) follows because χ is odd (see (58) of [DD]). The existence of Ad correspond-
ing to Qd(A∗τ0) is obvious. If QA∗τ0(X, Y ) = AX2 + BXY + CY 2 with N | A, then Qd(A∗τ0) corresponds
to Ad X
2 + BXY + CdY 2 (note that d | N); see (54) of [DD]. This implies that d = χ(A · A−1d ) depends
only on d not A. Then (4.10) is immediate. 
We ﬁx τ0 ∈ HDp /Γ such that ζ(A ∗ τ0, s) = ζ(A, s) − ζ(A∗, s). Deﬁne for each u ∈ Z/(p − 1)Z
ζp,u(A ∗ τ0, s) := ζp,u(A, s) − ζp,u
(
A∗, s
)
,
ζp,u(α,A ∗ τ0, s) :=
∑
d|N,d>0
nd〈d〉s · ζp,u
(
d(A ∗ τ0), s
)
.
Note that ζp,1(α,A ∗ τ0, s) = ζp(α,A ∗ τ0, s) (see (4.6)).
Lemma 4.3.We have
∑
A∈Pic+(OD )
χ(A) · ζp(α,A ∗ τ0, s) = 2
∑
d|N,d>0
dnd〈d〉s · Lp,1(K ,χ, s) (4.11)
for all s ∈ Zp .
Proof. For every odd integer r > 0 congruent to 1 modulo p − 1, we have
∑
A∈Pic+(OD )
χ(A) · ζp(α,A ∗ τ0,1− r)
=
∑
A∈Pic+(OD )
χ(A) ·
∑
d|N,d>0
ndd
1−rζ
(
d(A ∗ τ0),1− r
)
=
∑
d|N,d>0
ndd
1−r ∑
A∈Pic+(OD )
χ(A) · ζ (d(A ∗ τ0),1− r)
= 2
∑
d|N,d>0
ndd
1−rd · L(K ,χ,1− r) (by Lemma 4.2).
Since the set of odd integers r > 0 congruent to 1 modulo p−1 is dense in Zp , the lemma follows. 
The following theorem is an evidence for the rationality of u(α, τ ) over genus ﬁelds of a real
quadratic ﬁeld K of discriminant D .
Theorem 4.4. Assume that D = D1 · D2 with D1 < 0 and D2 < 0. Then there is a unique element uD1 ∈
Q ⊗Z UQ(√D ),p ⊂ Q ⊗Z Q(
√
D1)P1 = Q ⊗Z Qp (where P1 is the split prime as before) such that1
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( ∏
A∈Pic+(OD )
NormKp/Qp
(
u(α,A ∗ τ0)χ(A)
))= logp
( ∏
d|N,d>0
u
48dndh2
w2
D1
)
, (4.12)
where h2 is the class number of Q(
√
D2) and w2 is the number of roots of unity in Q(
√
D2).
Proof. If we take a derivative of (4.11) and evaluate at s = 0, then
∑
A∈Pic+(OD )
χ(A) · ζ ′p(α,A ∗ τ0,0) = 2
∑
d|N,d>0
dnd · L′p,1(K ,χ,0)
= 2
∑
d|N,d>0
dnd ·
(
−4h2
w2
· logp(uD1)
)
by Theorem 3.2. Using (4.8) we get the desired result. 
5. p-adic Eisenstein series of half-integral weight
We want to relate the Fourier coeﬃcients of a p-adic half-integral weight Eisenstein Series to
p-adic L-functions over real quadratic ﬁelds twisted by genus characters. In [Shm], G. Shimura con-
structed a Hecke-equivariant correspondence from cusp forms of half-integral weight to cusp forms of
integral weight. Kohnen made a reﬁnement in Shimura’s theory by introducing a newform theory for
half-integral weight cusp forms (see [Koh1] and [Koh2]). This Kohnen–Shimura correspondence turns
out to extend to Eisenstein series as well. In [Kob], Koblitz studied the Kohnen–Shimura map (from
half-integral weight forms to integral weight forms) for Eisenstein series and especially its p-adic in-
terpolation properties. He used the “generalized class number” form, which is an Eisenstein series of
half-integral weight, constructed by H. Cohen in [Coh] to show its image under the Kohnen–Shimura
map is the integral weight Eisenstein series E2k .
After reviewing Koblitz’s results brieﬂy, we show how to interpret the Fourier coeﬃcients of half-
integral weight Eisenstein series as a ﬁnite sum of some period integrals of Eisenstein series of
integral weight, as expected from the theory of the Shintani lifting for cusp forms (see Remark 5.1).
Note that the Shintani map (an inverse direction to the Shimura lifting) is a Hecke-equivariant map
from cusp forms of integral weight to cusp forms of half-integral weight and the Fourier coeﬃcients
of half-integral weight cusp forms can be written as a certain ﬁnite sum of period integrals of corre-
sponding integral weight cusp forms.
Finally, we explain how the Gross–Stark units for various imaginary quadratic ﬁelds satisfy some
coherence property in the sense that they can be related to the Fourier coeﬃcients of a “modular
form of weight 32 + ” where  is a ﬁrst order inﬁnitesimal.
5.1. p-adic Kohnen–Shimura lifting for p-adic Eisenstein series
In [Coh], Cohen constructed the Eisenstein series of half-integral weight k + 12 (k 2) for Γ0(4):
Ek+ 12 (z) := ζ(1− 2k) +
∑
n1
ck(n)q
n, q = e2π iz.
The modular form Ek+ 12 (z) has the properties: (i) if d = (−1)
kn is the discriminant of a quadratic
ﬁeld, ck(n) = L(χd,1− k) (and ck(1) = ζ(1− k)); (ii) for a ﬁxed discriminant d = (−1)kn0, the Fourier
coeﬃcients ck(n0m2), m 1, are determined by the Euler product
∑
m1
ck
(
n0m
2)m−s = ck(n0) ∏
l: primes
1− χd(l)lk−1−s
(1− l−s)(1− l2k−1−s) ; (5.1)
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the following GL2-Eisenstein series, for k > 1,
E2k(z) = − B2k4k +
∑
n1
σ2k−1(n)qn.
The Kohnen–Shimura’s isomorphism from half-integral weight cusp forms to integral weight cusp
forms extends to Eisenstein series as well, i.e. E2k(z) is the Kohnen–Shimura lifting of the half-integral
weight Eisenstein series Ek+ 12 (z). Fix a rational odd prime p. For the p-adic interpolation of the
Kohnen–Shimura isomorphism, we introduce the weight space X over which we vary the p-adic
Eisenstein series. Let X := Homcts(Z×p ,Q×p ). We identify X with Zp ×Z/(p−1)Z by sending a weight
κ to (r,u) ∈ Zp × Z/(p − 1)Z using the following rule:
xκ := κ(x) =
(
x
ω(x)
)r
· ω(x)u,
where ω is the Teichmüller character. Let κ = (r,u) ∈ X = Zp × Z/(p − 1)Z. Following Serre
(see [Ser]), we deﬁne a p-adic family of integral weight Eisenstein series
E(p)2κ := Lp
(
ω2u,1− 2r)/2+ ∞∑
n=1
σ
(p)
2κ−1(n) · qn for κ ∈ X ,
where
σ
(p)
2κ−1(n) :=
∑
d|n
d > 0
(p,d) = 1
d2κ−1.
Following Koblitz (see [Kob]), we also deﬁne a p-adic family of half-integral weight Eisenstein series
E(p)
κ+ 12
:= Lp
(
ω2u,1− 2r)+ ∞∑
n=1
c(p)κ (n) · qn for κ ∈ X ,
where c(p)κ (n) = Lp(χd · ωu,1 − r) for n = (−1)u · d with d the discriminant of a quadratic ﬁeld. The
Fourier coeﬃcients c(p)κ (n0m2), m  1, for a ﬁxed discriminant d = (−1)un0 are determined by the
Euler product
∑
m1
c(p)κ
(
n0m
2)m−s = c(p)κ (n0)
(1− p−s)
∏
l =p
1− χd(l)lκ−1−s
(1− l−s)(1− l2κ−1−s) , κ ∈ X , (5.2)
and all other coeﬃcients are zero. Koblitz extended the Kohnen–Shimura map for cusp forms to a
p-adic family of Eisenstein series by assigning E(p)2κ to E
(p)
κ+ 12
(see Theorem 4 and the following remarks
in [Kob]).
Let K be a real quadratic ﬁeld of discriminant D = D1 ·D2 such that D1 and D2 are relatively prime
fundamental discriminants. Assume that p is coprime to D . Then Theorem 2.2 and the deﬁnition of
E(p)
κ+ 1 imply the following equality between the product of the (−1)uD1-th Fourier coeﬃcient and2
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corresponding to the factorization D = D1 · D2:
c(1−s,u)
(
(−1)uD1
) · c(1−s,u)((−1)uD2)= Lp(χD1 · ωu, s) · Lp(χD2 · ωu, s)
= Lp,u(K ,χ, s)
=
∑
A∈Pic+(OD )
χ(A) · ζp,u(A, s)
for (s,u) ∈ Zp × Z/(p − 1)Z.
Remark 5.1. The above equality amounts to say that the product of the Fourier coeﬃcients of E(p)
κ+ 12
is
a ﬁnite twisted (by a genus character) sum of the p-adic partial zeta functions. Note that these p-adic
partial zeta functions were essentially constructed using period integrals of Eisenstein series.
5.2. The Gross–Stark units and the Fourier coeﬃcients
We ﬁx u = 1 ∈ Z/(p−1)Z and then vary r ∈ Zp in X to investigate a precise relationship between
the Gross–Stark units and the Fourier coeﬃcients of the p-adic half-integral weight Eisenstein series
E(p)
κ+ 12
. For n ∈ Z, denote by (n· ) the quadratic symbol. Note that
E(p)
(s,1)+ 12
= Lp
(
ω2,1− 2s)+ ∞∑
n=1
c(p)(s,1)(n) · qn for s ∈ Zp .
Then the Fourier coeﬃcients of E(p)
(s,1)+ 12
are related to imaginary quadratic ﬁelds: (i) if n = (−1)1 ·d =
−d > 0 and d is the discriminant of an imaginary quadratic ﬁeld, then c(p)(s,1)(n) = Lp(χd · ω,1− s) for
s ∈ Zp ; (ii) for a ﬁxed discriminant d of an imaginary quadratic ﬁeld (and letting n = −d), the Euler
product relation (5.2) and
∞∑
m=1
σ
(p)
2κ−1(m)m
−s = 1
1− p−s ·
∏
l =p
1
(1− l−s)(1− l2k−1−s) , κ ∈ X ,
imply that
c(p)
(s,1)
(
n · l2)=
{
(〈l〉2s−1ω(l) + 1− (−nl ) · 〈l〉s−1) · c(p)(s,1)(n) if l = p,
c(p)(s,1)(n) if l = p
(5.3)
for l a prime and s ∈ Zp (see below (5.4) for c(p)(s,1)(n · m2) with m not a prime); (iii) all other co-
eﬃcients (not a square multiple of a discriminant) are zero. In fact, (5.3) still holds for any natural
number n (not necessarily a discriminant) with c(p)
(s,1)(n) = 0 and this implies that
c(p)(s,1)
(
n ·m2)=
⎧⎨
⎩
∏
la‖m
l =p
(〈l〉2s−1ω(l) + 1− (−nl ) · 〈l〉s−1)a · c(p)(s,1)(n) ifm = a power of p,
c(p) (n) ifm = a power of p
(5.4)(s,1)
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exactly divides m.
We distinguish two different types of negative integers −n such that c(p)(s,1)(n) = 0 according to the
value of (−np ):
1. −n < 0 is called i-type, if (−np ) = −1,
2. −n < 0 is called s-type, if (−np ) = 1.
For any discriminant d < 0, we have the following interpolation property:
c(p)(r,1)(−d) = Lp(χd · ω,1− r) (5.5)
= (1− χd(p) · pr−1) · L(χd,1− r) when r ≡ 1 (mod p − 1), r  1. (5.6)
Note that E(p)
(r,1)+ 12
(r > 1) has “twice as many” Fourier coeﬃcients as E(p)
(1,1)+ 12
= E(p)3
2
, since the Fourier
coeﬃcient c(1,1)(−d) vanishes when d is an s-type discriminant. Theorem 2.2 implies that
c(p)(1−s,1)(−D1) · c(p)(1−s,1)(−D2) = Lp(χD1 · ω, s) · Lp(χD2 · ω, s) = Lp,1(K ,χ, s) (5.7)
for s ∈ Zp . We reformulate Theorems 3.2 and 3.4 to provide relations between the Gross–Stark units
and the Fourier coeﬃcients of E(p)
κ+ 12
.
Theorem 5.2. Let K be a real quadratic ﬁeld of discriminant D. Assume that D = D1 · D2 with D1 < 0 and
D2 < 0.
(a) If p is split in K and both D1 and D2 are i-type discriminants, then
c(p)(1,1)(−D1) · c(p)(1,1)(−D2) =
16h1h2
w1w2
= 0.
(b) If p is inert in K , D1 is s-type and D2 is i-type, then
d
ds
(
c(p)
(1−s,1)(−D1) · c(p)(1−s,1)(−D2)
)∣∣
s=0 = −
4h2
w2
· logp(uD1).
(c) If p is split in K and both D1 and D2 are s-type discriminants, then
d2
ds2
(
c(p)
(1−s,1)(−D1) · c(p)(1−s,1)(−D2)
)∣∣
s=0 = logp(uD1) · logp(uD2).
We refer to Theorems 3.2 and 3.4 for the notations.
We ﬁnish the paper by illustrating how the Gross–Stark units for various imaginary quadratic ﬁelds
satisfy some coherence property in the sense that they can be related to the Fourier coeﬃcients of a
p-adic family of half-integral weight Eisenstein series. Let  be a ﬁrst order inﬁnitesimal (satisfying
2 = 0) and deﬁne the formal q-expansion with coeﬃcients in Qp() by
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(
ω2,1− 2s)+( ∑
−n<0: i-type
integer
c(p)(1+,1)(n)q
n
)
−  ·
(∑
m1
∑
d: s-type
discriminant
( ∏
la‖m
l =p
(
l + 1−
(
d
l
))a
· logp(ud)
)
q−dm2
)
where the ud ’s are the Gross–Stark units for Q(
√
d)/Q. We claim that the form G1+ is a “modu-
lar forms of weight 32 + ” associated to the specialization to a ﬁrst order neighborhood of weight
2 of E(p)2κ under the Kohnen–Shimura correspondence, i.e. G1+ is a ﬁrst order approximation of
E(p)
(s,1)+ 12
(z), s ∈ Zp around s = 1 (weight 32 ). Note that s = 1 corresponds to the weight 32 in the
sense that E(p)
(1,1)+ 12
(z) has weight 32 .
Since c(p)
(s,1)(n) = 0 if n  1 is not a square multiple of a discriminant, it is enough to study the
n-th Fourier coeﬃcients of E(p)
(s,1)+ 12
(z) for which n is a square multiple of a discriminant. If −n is an
i-type negative integer of the form dm2 with discriminant d < 0, then (5.4) and (5.5) imply that
c(p)(1,1)(n) = c(p)(1,1)
(−dm2)= 2 · ∏
la‖m
l =p
(
l + 1−
(
d
l
))a
· L(χd · ω,0) = 0.
If −n is an s-type negative integer of the form dm2 with discriminant d < 0, then Theorem 3.1, which
states that the derivative of the Fourier coeﬃcient c(p)
(s,1)(−d) along the weight variable s evaluated at
the weight 32 (s = 1) is the p-adic logarithm of the Gross–Stark unit ud in Q(
√
d), and (5.4) implies
that
c(p)(1,1)(−d) = c(p)(1,1)
(−dm2)= 0,
d
ds
c(p)
(s,1)(n)|s=1 =
∏
la‖m
l =p
(
l + 1−
(
d
l
))a
· L′p(χd · ω,0) = −
∏
la‖m
l =p
(
l + 1−
(
d
l
))a
· logp(ud).
Therefore it follows that G1+ is a “modular form of weight 32 + ”. In other words, we showed that
G1+ ≡ E(p)
(s,1)+ 12
∣∣
s=1+
(
mod 2
)
.
Readers can ﬁnd a similar statement for cusp forms in the introduction of [DT].
References
[BD] M. Bertolini, H. Darmon, The rationality of Stark–Heegner points over genus ﬁelds of real quadratic ﬁelds, Ann. of
Math. (2) 170 (1) (2009) 343–370.
[Coh] H. Cohen, Sums involving the values at negative integers of L-functions of quadratic character, Math. Ann. 217 (1975)
271–285.
[DD] H. Darmon, S. Dasgupta, Elliptic units for real quadratic ﬁelds, Ann. of Math. (2) 163 (1) (2006) 301–346.
[DT] H. Darmon, J. Tornaria, Stark–Heegner points and the Shimura correspondence, Compos. Math. 144 (2008) 1155–1175.
[Das] S. Dasgupta, Computations of elliptic units for real quadratic ﬁelds, Canad. J. Math. 59 (3) (2007) 553–574.
[DR] P. Deligne, K. Ribet, Values of abelian L-functions at negative integers over totally real ﬁelds, Invent. Math. 59 (3) (1980)
227–286.
J. Park / Journal of Number Theory 130 (2010) 2610–2627 2627[FG] B. Ferrero, R. Greenberg, On the behavior of p-adic L-functions at s = 0, Invent. Math. 50 (1) (1978/1979) 91–102.
[Gr] B. Gross, p-adic L-series at s = 0, J. Fac. Sci. Univ. Tokyo, Sect. IA, Math. 28 (3) (1981) 979–994, (1982).
[GK] B. Gross, N. Koblitz, Gauss sums and the p-adic Γ -function, Ann. of Math. (2) 109 (3) (1979) 569–581.
[Kob] N. Koblitz, p-adic congruences and modular forms of half integer weight, Math. Ann. 274 (2) (1986) 199–220.
[Koh1] W. Kohnen, Modular forms of half-integral weight on Γ0(4), Math. Ann. 248 (1980) 249–266.
[Koh2] W. Kohnen, Newforms of half-integral weight, J. Reine Angew. Math. 333 (1982) 32–72.
[Ser] J.-P. Serre, Formes modulaires et fonctions zêta p-adiques, in: Modular Functions of One Variable. III, in: Lecture Notes
in Math., vol. 350, Springer, Berlin, Heidelberg, New York, 1973, pp. 191–268.
[Shm] G. Shimura, On modular forms of half integral weight, Ann. of Math. (2) 97 (1973) 440–481.
[Sie1] C.L. Siegel, Lectures on Advanced Analytic Number Theory, Notes by S. Raghavan, Tata Inst. Fund. Res. Lect. Math., vol. 23,
Tata Institute of Fundamental Research, Bombay, 1965.
[Was] L. Washington, Introduction to Cyclotomic Fields, 2nd edition, Grad. Texts in Math., vol. 83, Springer, 1997.
